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sourced calcium carbonate nanoparticles: Free vibration analysis of

simply supported slabs

ABSTRACT

Bio-sourced calcium carbonate-rich wastes, such as eggshells, fish bones, animal bones, and
snail shells, represent promising raw materials for producing calcium carbonate nanoparticles after
suitable processing, such as grinding, calcination, or chemical precipitation. In this study, the
effective mechanical properties and free vibration response of simply supported eco-concrete
slabs reinforced with bio-sourced calcium carbonate nanoparticles are investigated.

The effective elastic properties of the concrete composite are evaluated using the Hashin—
Shtrikman homogenization model for a two-phase isotropic system composed of concrete as the
matrix and nano-CaCOj; particles as the reinforcement. Reinforcement volume fractions of 10%
and 20% are considered. The free vibration behavior of the reinforced slabs is then analyzed
using First-Order Shear Deformation Theory (FSDT) and Higher-Order Shear Deformation Theory
(HSDT). The governing equations are derived using the principle of virtual work, and Navier’s
analytical solution is adopted to satisfy the simply supported boundary conditions.

The obtained results show that the addition of nano-CaCO; improves the effective stiffness of
concrete. The Young’s modulus increases from 20 GPa for ordinary concrete to 22.81 GPa and
25.88 GPa for 10% and 20% nano-CaCO; reinforcement, respectively. The fundamental
dimensionless frequency of the square slab increases from 0.0921 for ordinary concrete to 0.1277
and 0.1287 for 10% and 20% nano-CaCOj, respectively. These results indicate that 10% nano-
CaCO; provides a significant improvement in stiffness and vibration performance, while the
additional gain beyond this fraction remains limited. The HSDT formulation shows better
agreement with reference results than FSDT and is therefore adopted for the parametric analysis.
Keywords: Eco-concrete; bio-sourced calcium carbonate; nano-CaCOj; Hashin—Shtrikman
model; simply supported slab; free vibration; HSDT.

1. INTRODUCTION

Nanoparticle- based technologies have
attracted increasing attention in civil engineering
materials because of their ability to improve the
effective mechanical performance of cementitious
composites. Concrete, as one of the most widely
used construction materials, can benefit from the
incorporation of nano-sized particles through
improvements in stiffness, durability, and structural
performance. In this context, several analytical and
numerical studies have investigated the behavior of
nanoparticle-reinforced concrete using homo
genization approaches.
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Harrat et al. [1] studied the static behavior of
concrete beams reinforced with nano-SiO, and
resting on an elastic foundation. Their work showed
that the incorporation of nano-silica can improve
the stiffness of concrete beams and reduce
deflection. Chatbi et al. [2] analyzed the bending
response of nano-SiO, -reinforced concrete slabs
and highlighted the influence of reinforcement
distribution and foundation parameters on the
structural response. Benfrid et al. [3] investigated
eco-concrete panels reinforced with glass powder
and evaluated their thermo-mechanical
performance, showing the potential of waste-
derived particles for sustainable construction.
Elhennani et al. [4] examined the buckling and free
vibration behavior of concrete beams reinforced
with different mineral nanoparticles and resting on
multi-parameter elastic foundations. Kecir et al. [5]
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studied concrete slabs reinforced with nano-sized
iron oxide particles and demonstrated that Fe, O,
nanoparticles can improve the effective stiffness
and bending resistance of the concrete system.

In parallel with nanotechnology development,
the use of bio-sourced and waste-derived materials
in concrete has become an important research
direction for sustainable construction. Jaramillo et
al. [6] presented a bibliometric review on
biomaterials used in concrete and showed the
growing scientific interest in bio-based materials for
engineering applications. Schmidt et al. [7]
investigated self-compacting and high-performance
concretes incorporating rice husk ash, cassava
starch, lignosulfonate, and sisal fibers, and
reported improvements in durability. Kawaai et al.
[8] studied bio-based additives such as alginate
and Bacillus subtilis for crack repair mortars and
showed their ability to reduce capillary absorption
and improve crack-sealing performance. Fatahillah
and Sumarno [9] examined the combined use of fly
ash and chicken eggshell powder as cement

substitutes and reported improvements in
compressive strength at suitable replacement
levels.

Several experimental studies have also

confirmed the mechanical benefits of calcium-rich
bio-sourced materials in cementitious composites.
Zaid et al. [10] showed that eggshell powder
combined with nano-silica can enhance the
strength of ultra-high-performance fiber-reinforced
concrete, especially at 5% and 10% contents, while
higher contents may reduce performance.
Shcherban’ et al. [11] investigated eco-friendly
concrete modified with eggshell powder and
identified 10% as an efficient dosage for reducing
deformation under compression and tension. Bhat
et al. [12] demonstrated that crushed animal bones
can be used as partial replacement of coarse
aggregates in lightweight concrete, reaching
compressive strengths of about 20 MPa. Claudius
et al. [13] studied pulverized animal bones and
animal bone ash and showed that these materials
can improve the mechanical properties of normal-
strength concrete. Damayanti et al. [14]
investigated fishbone fiber and rice husk ash
additives and confirmed that these materials can
maintain acceptable mechanical performance in
concrete. Arain et al. [15] showed that fish scales
can be used as sustainable reinforcement in
cement concrete and can improve concrete
properties at suitable contents. Sulaiman et al. [16]
studied fish scale powder as a sustainable blending
material and highlighted its environmental benefits.
Higashino et al. [17] developed porous concrete
mixed with hydroxyapatite produced from fish
bones and showed that calcium-rich fish-bone-
derived materials can enhance concrete

performance. Yanaka et al. [18] investigated fishery
waste in porous concrete and showed its potential
for carbon-neutral and sustainable construction
applications.

Among calcium-rich  bio-sourced wastes,
eggshells, fish bones, animal bones, and shells are
especially relevant because they contain large
amounts of calcium carbonate. However, calcium
carbonate nanoparticles are not directly present in
these raw wastes. These materials should instead
be considered as calcium-carbonate-rich bio-
sources from which nano-CaCO; particles can be
produced after suitable processing methods, such
as cleaning, drying, grinding, calcination, ball
milling, or chemical precipitation. In the present
study, waste eggshells are considered as the
representative  bio-sourced calcium carbonate
material because they are mainly composed of
calcium carbonate and have been widely
investigated as a sustainable resource for
cementitious applications. Lecompte et al. [33]
studied animal-bone-derived calcium phosphate
particles and demonstrated the potential of animal
waste for producing functional mineral particles.
Tiwari et al. [34] reviewed methods for converting
biomass waste into value-added nanomaterials,
showing that bio-waste can be transformed into
useful engineering materials. Hussin et al. [35]
reviewed high-performance bio-based materials
and highlighted the importance of waste
valorization in sustainable material development.

In addition to mechanical performance, the
dynamic behavior of concrete structures is a key
issue in structural engineering. Slabs, plates,
beams, foundations, and shell elements are
frequently subjected to dynamic actions caused by
wind, traffic, machinery, seismic activity, and
environmental vibrations. Therefore, understanding
their free vibration response is essential for safe
and reliable structural design. Ding et al. [19]
developed a mathematical formulation for bending,
vibration, and stability analysis of laminated
rectangular plates with transversely isotropic
layers. Alfano and Pagnotta [20] proposed a modal
vibration testing approach to determine the elastic
constants of isotropic materials from natural
frequencies of rectangular plates. Turan [21]
investigated the natural frequencies of porous
orthotropic laminated doubly curved shallow shells
using higher-order shear deformation theory. Turan
et al. [22] extended this approach to analyze free
vibration and buckling of porous orthotropic shallow
shells under non-uniform compression. Turan [23]
studied multi-layered  porous plates  with
trigonometric porosity distribution and
demonstrated the influence of porosity distribution
on natural frequencies. Bahadir and Turan [24]
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analyzed laminated cylindrical panels with non-
uniform porosity and showed the importance of
porosity configuration in vibration response. Turan
[25] investigated porous cylindrical panels resting
on elastic foundations and highlighted the effect of
foundation stiffness on vibration behavior. Turan
[26] studied porous orthotropic two-layered plates
and confirmed the relevance of shear deformation
theory in predicting natural frequencies.

Several studies have also focused on structural
dynamics, seismic effects, elastic foundations, and
beam vibration. Doicheva and Mladenov [27]
investigated dynamic characteristics of building
structures and emphasized the importance of
vibration parameters in structural assessment.
Rizov et al. [28] analyzed a pedestrian bridge with
respect to Eurocode comfort requirements and
showed the importance of vibration control in
serviceability design. Isik [29] studied the
strengthening of reinforced concrete structural
elements using fiber-based polymers and showed
that such reinforcement can improve seismic
resistance. lke [30] applied the Ritz variational
method to study free harmonic vibration of beams
on two-parameter elastic foundations. Ike [31] used
the Stodola—Vianello iteration method to solve
lateral-torsional buckling problems of thin-walled
beams. lke [32] also applied the Stodola—Vianello
method to Euler—Bernoulli beams resting on
Winkler foundations, demonstrating its applicability
to transverse vibration problems.

The Hashin—Shtrikman homogenization model
is particularly suitable for estimating the effective
elastic  properties of isotropic  two-phase
composites because it provides rigorous upper and
lower bounds for the bulk and shear moduli. Hashin
and Shtrikman [36] established a variational
approach for predicting the elastic behavior of
multiphase materials, which remains a fundamental
reference in homogenization theory. Shi et al. [37]
proposed an interphase model for the effective
elastic properties of concrete composites and
showed the importance of the interfacial zone in
homogenization. Dong et al. [38] used asymptotic
homogenization to evaluate effective thermal-
elastic properties of concrete considering its three-
dimensional mesostructure. Wall [39] compared
homogenization approaches, Hashin—Shtrikman
bounds, and Halpin—Tsai equations, showing the
relevance of bounds-based models. Kurukuri [40]
studied homogenization of damaged concrete
mesostructures using representative  volume
elements and confirmed the usefulness of
homogenization methods for concrete materials.

Recent works have combined homogenization
methods with refined structural theories to evaluate
the mechanical, thermal, and dynamic behavior of

cementitious and composite materials. Benfrid and
Murawski [41] investigated eco-concrete beams
reinforced with waste pottery and showed that
waste-based reinforcement can modify thermo-
mechanical behavior. Lee and Cohen [42] studied
the influence of cement paste—aggregate interfaces
on concrete strength and durability, highlighting the
importance of transition zones. Luciano and Willis
[43] combined Hashin—Shtrikman-based finite
element analysis with random composite modeling
to study elastic behavior. Aouissi et al. [44]
compared biphasic and triphasic models for
predicting concrete elastic modulus and showed
the influence of modeling assumptions. Shi et al.
[45] further emphasized the role of
micromechanical modeling and interphase effects
in concrete composites. Avhad and Sayyad [46]
developed a higher-order beam theory for
sandwich beams, contributing to refined structural
modeling. Benfrid et al. [47] studied glass
nanoparticles in concrete and showed their effect
on elastic modulus. Ekpraseert et al. [48]
investigated CaCO; precipitated by bacteria and its
mechanical and biocement applications, providing
useful data for calcium carbonate-based materials.
Ghugal and Sayyad [49] studied free vibration of
thick isotropic plates using trigonometric shear
deformation theory, providing reference results for
validation. Sayyad et al. [50] analyzed bending and
free vibration of isotropic plates using refined plate
theory, which is relevant for plate vibration
formulations.

Other studies have addressed waste recycling,
pozzolanic additives, sustainable cementitious
composites, and innovative concrete formulations.
Kaewsit et al. [51] studied lightweight expanded
clay aggregates produced from industrial waste
and showed their potential for sustainable
construction. Zhang et al. [52] developed a
piezoelectric stick-slip actuator, contributing to
advanced material and mechanical system design.
Chareerat et al. [53] investigated porous concrete-
based hydroponic systems and showed the
influence of aggregate size and void ratio.
Dechboon et al. [54] studied the reuse of kaolin
waste and longan wood ash in ceramic glazes,
highlighting broader waste valorization strategies.
Bello et al. [55] analyzed biomass and plastic
waste blends for bio-oil production, contributing to
circular economy approaches.

Al-Ani et al. [56] investigated the static and
dynamic behavior of bridge decks reinforced with
nanoparticles and showed that nano-reinforcement
can improve dynamic performance. Benfrid et al.
[57] studied waste-derived glass nanopowders in
structural wall concrete and reported improvements
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in thermal efficiency and mechanical properties.
Harrat et al. [58] analyzed nano-Fe,Os-reinforced
concrete slabs exposed to temperature fields and
resting on a viscoelastic foundation, showing that
nanoparticles and foundation parameters strongly
influence slab behavior. Lakhder et al. [59] studied
nanocomposite plates reinforced with tungsten
nanoparticles and showed the effect of nano-
reinforcement on bending behavior. Chatbi et al.
[60] investigated concrete beams reinforced with
nano-clay platelets and demonstrated improved
bending performance on elastic foundations.

Several complementary studies have
investigated advanced materials, sustainable
concrete formulations, structural dynamics, soil—-
structure interaction, waste valorization, and
reinforced structural elements. Ahmed et al. [61]
used first-principles calculations to study hydride
perovskites and provided insight into their
electronic and elastic properties. Bouchehit et al.
[62] analyzed cylindrical and rectangular oil tanks
under soil-structure—fluid interaction and showed
the influence of wall thickness and support
conditions on seismic behavior. Ahmed et al. [63]
studied concrete beams incorporating granite
waste and reported improved flexural performance.
Yerkrou et al. [64] proposed a programming model
for mechanical and thermal buckling of eco-
concrete panels incorporating glass and red-brick
wastes. Abdelmoutalib et al. [65] investigated
thermal instability of polymer panels reinforced with
glass particulates. Benfrid [66] proposed a biphasic
homogenization approach for predicting thermal
and mechanical properties of eco-concretes.
Belmahi et al. [67] studied the influence of acidic
and alkaline environments on cement mortar
properties. Benfrid [68] investigated concrete
expanded with aluminum nano-inclusions and
evaluated its elastomechanical properties. Khetir et
al. [69] studied lightweight concrete beams
reinforced with bio-sourced nanocomposites and
showed improved mechanical performance. Chatbi
et al. [70] analyzed nano-clay platelet effects on
concrete beam bending response. Harrat et al. [71]
modeled dynamic response of clay nanoparticle-
modified concrete beams on two-parameter elastic
foundations. Zahafi et al. [72] proposed a lumped-
parameter model for vertical vibrations of circular
foundations on nonhomogeneous soil. Bencharif et
al. [73] implemented soil-structure interaction
techniques using frequency-dependent impedance
functions. Chatbi et al. [74] studied silica
nanoparticle-reinforced concrete slabs on elastic
and viscoelastic foundations. Chatbi et al. [75]
investigated free vibration of carbon-nanotube-
reinforced composite beams on elastic foundations.
Bencharif et al. [76] developed a hybrid BEM-
TLM-PML method for impedance functions of strip

footings. Tebbouche et al. [77] characterized the El
Kherba landslide after the Mila earthquake using
field observations and ambient noise analysis.

Further studies have addressed sustainable
construction, homogenization, and structural
mechanics. Benfrid [78] compared homogenization
models for environmental concretes. Sid Ahmed et
al. [79] studied thermally treated plastic-pozzolanic
mortars and their mechanical properties. Sid
Ahmed et al. [80] developed eco-friendly composite
mortars for circular economy and sustainable
construction. Turan and Benfrid [81] investigated
free vibration of porous orthotropic beams. Benfrid
[82] studied free vibration of raft foundations
reinforced with short steel fibers. Benfrid and Turan
[83] investigated heat transfer in eco-friendly
concrete panels with recycled cardboard. Mladenov
and Doicheva [84] examined simply supported
beams and their illustrative structural behavior.
Mladenov and Doicheva [85] analyzed flexural-
torsional buckling of off-center supported beams.
Doicheva [86] proposed an exact solution for
beams on off-center spring supports. Doicheva [87]
analyzed the critical and post-critical response of T-
shaped frames. Mladenov and Doicheva [388]
investigated water towers with conical tanks under
critical and post-critical behavior. Mladenov and
Doicheva [89] studied bending-torsional buckling of
beams on elastic rotational springs. Doicheva and
Mladenov [90] analyzed dynamic characteristics in
building structures. Doicheva [91-95] investigated
shear force behavior in reinforced concrete beam-
column joints under different loading configurations
and crack development. The study reported in [96]
proposed an approach for plaster beam bending
using nano-short-bio-fibers. Benfrid et al. [97]
studied thermal insulation using bio-based concrete
made from apricot kernels. Benfrid et al. [98]
investigated wheat straw nanofibers for improving
thermal efficiency of bio-concrete. Additional
studies by Benfrid and co-workers [99,100] focused
on sustainable nano-reinforced concrete panels
and homogenization-based prediction of effective
properties of bio-sourced concrete composites.

Despite the large number of studies on bio-
sourced materials, nano-reinforced concrete,
homogenization models, and structural vibration,
limited attention has been given to the analytical
prediction of the effective mechanical properties of
eco-concrete reinforced with bio-sourced nano-
CaCO; particles and to the influence of these
effective properties on the free vibration response
of simply supported concrete slabs. Most available
studies focus either on experimental strength and
durability of bio-based concrete or on conventional
nano-additives such as nano-silica, nano-clay,
nano-Fe,O3;, glass nanopowder, and carbon
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nanotubes. Therefore, a clear research gap
remains in linking bio-sourced nano-CaCO;
reinforcement, effective mechanical property
prediction, and free vibration analysis of simply
supported slabs within a unified analytical

framework.

The present study aims to investigate the
effective mechanical properties and free vibration
behavior of simply supported eco-concrete slabs
reinforced with bio-sourced calcium carbonate
nanoparticles. The concrete is modeled as a two-
phase isotropic composite composed of ordinary
concrete as the matrix and nano-CaCO; particles
as the reinforcing phase. The effective Young’s
modulus, shear modulus, bulk modulus, Poisson’s
ratio, and density are evaluated using the Hashin—
Shtrikman homogenization model. Reinforcement
volume fractions of 10% and 20% are considered.
The obtained effective properties are then
introduced into the free vibration formulation of
simply supported concrete slabs.

The vibration problem is formulated using First-
Order Shear Deformation Theory (FSDT) and
Higher-Order Shear Deformation Theory (HSDT).
The governing equations are derived using the
principle of virtual work, and Navier's analytical
solution is adopted to satisfy the simply supported
boundary conditions. The accuracy of the
formulation is verified through comparison with
reference results from the literature. The novelty of
this study lies in combining the Hashin—Shtrikman
homogenization model with refined plate theories
to evaluate the influence of bio-sourced nano-
CaCO; particles on both the effective mechanical
properties and the free vibration response of simply
supported eco-concrete slabs. This work provides
an analytical framework linking sustainable nano-
reinforcement, effective stiffness improvement, and
vibration performance of eco-concrete structural
elements.

2. HOMOGENIZATION AND FREE VIBRATION
FORMULATION OF SIMPLY SUPPORTED
ECO-CONCRETE SLABS

The present section presents the analytical
formulation used to evaluate the effective
mechanical properties and the free vibration
response of simply supported eco-concrete slabs
reinforced with bio-sourced nano-CaCOs; particles.
The procedure is based on two complementary
steps. First, the effective elastic properties of the
reinforced concrete are estimated using the
Hashin—Shtrikman homogenization model. Second,
these effective properties are introduced into the
governing equations of the simply supported slab in
order to determine its natural frequencies using
shear deformation plate theories.The following
assumptions are adopted in the homogenization
procedure.

2.1. Effective properties using the Hashin—
Shtrikman model

The Hashin—Shtrikman model [36] is widely
used for estimating the effective elastic properties
of isotropic heterogeneous materials. This model
provides rigorous upper and lower bounds for the
effective bulk and shear moduli of multiphase
composites. Compared with the Voigt and Reuss
models, which are based on uniform strain and
uniform stress assumptions, respectively, the
Hashin—Shtrikman bounds provide a more realistic
estimation for heterogeneous materials such as
concrete.

The applicability of the Hashin—Shtrikman
model to concrete and cementitious composites
has been reported in several studies. Benfrid et al.
[41] used this model to homogenize concrete
reinforced with glass nanoparticles. Zhang et al.
[42] applied a homogenization approach to
investigate the interfacial transition zone and
durability of concrete. Luciano and Willis [43]
combined Hashin—Shtrikman-based estimates with
finite element analysis to study non-local
interactions in composite materials. Aouissi et al.
[44] compared biphasic and triphasic models for
predicting the elastic modulus of concrete using
homogenization concepts. Shi et al. [45] also used
Hashin—Shtrikman-based formulations to determine
the effective elastic properties of concrete
composites.

In the present study, concrete is considered as
the matrix phase, while bio-sourced nano-CaCO;
particles are considered as the reinforcing phase.
Waste eggshells are adopted as the representative
bio-sourced calcium carbonate material. These
wastes are rich in calcium carbonate; however,
calcium carbonate nanoparticles are not directly
present in the raw eggshell waste. Nano-CaCO;
particles can be obtained after suitable processing
methods such as cleaning, drying, grinding,
calcination, ball milling, or chemical precipitation.

The homogenized material is assumed to be
isotropic, linearly elastic, and perfectly bonded. The
reinforcement is assumed to be uniformly
dispersed in the concrete matrix. The considered
reinforcement volume fractions are 10% and 20%.
It should be emphasized that the Hashin—
Shtrikman model is used here only to estimate the
effective macroscopic mechanical properties of the
nano-CaCOs-reinforced concrete. It does not
describe local nano-scale phenomena such as
nanoparticle agglomeration, interfacial transition
zones, chemical reactions, imperfect bonding, size-
dependent  effects, microcracking, damage
evolution, or porosity changes. Therefore, the term
effective mechanical properties is adopted in this
work instead of nano-mechanical characterization.
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The following assumptions are adopted in the
homogenization procedure: the concrete matrix
and nano-CaCO; reinforcement are isotropic and
linearly elastic; the bonding between the matrix and
the reinforcement is perfect; the nano-CaCO;
particles are homogeneously dispersed in the
concrete matrix; the composite is treated as a two-
phase material; and the homogenized material
behaves as an equivalent isotropic continuum.
Damage, cracking, porosity evolution, and particle
agglomeration are not considered.

For a two-phase isotropic composite, the
Hashin—Shtrikman bounds are used to estimate the
effective bulk modulus and shear modulus of the
homogenized concrete. The lower and upper
bounds of the effective bulk modulus are
expressed as:

Vg

K™ =K+ (Kp— Ka) L +3(1— Vg) (K + 4Gyy) !
(1)
K™= Kp+ T
(K_.u — Kg) '+ SVR(I{R +4GR)!
2
with:
K <K'<K~

where K™ and K* are the lower and upper Hashin—
Shtrikman bounds of the effective bulk modulus,
respectively. K+ is the effective bulk modulus of the
homogenized composite. Ky and Kgr are the bulk
moduli of the concrete matrix and nano-CaCOs
reinforcement, respectivelywhile Vy and Vgare their
corresponding volume fractions.

Similarly, the lower and upper bounds of the effective shear modulus are given by:

- Vr
G =Gy+ - - o1 -1
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where G~ and G* are the lower and upper Hashin—
Shtrikman bounds of the effective shear modulus,
respectively. G-+is the effective shear modulus of
the homogenized composite. Gy and Ggr are the
shear moduli of the concrete matrix and nano-
CaCOj; reinforcement, respectively.

In the present work, the effective bulk modulus
and shear modulus are taken as the average
values of the lower and upper Hashin—Shtrikman
bounds:

. K +K*

K'——
2 6)

. G +aGt
’ 2 @

The effective Young’s modulus and Poisson’s
ratio of the homogenized concrete are then
obtained from the classical isotropic elasticity
relationships:

9K*G?

T 3K+ G @®

*

_ 3K* 267
23K* + G*)

+*

(9)

The effective density of the composite is
calculated using the rule of mixtures:

* = Vupm + Vepr
P [ PR (10)

with:

r f -

Vir+Vp=1 1)
where p* is the effective density of the
homogenized composite, while pm and pr are the
densities of the concrete matrix and nano-CaCOs;
reinforcement, respectively.The symbols used in
the homogenization model are defined as follows:

K-and K*are the lower and upper Hashin—
Shtrikman bounds of the bulk modulus;

K* is the effective bulk modulus of the
homogenized composite;

Kuvand Kgrare the bulk moduli of the matrix and
reinforcement;

G-and G* are the lower and upper Hashin—
Shtrikman bounds of the shear modulus;

G~ is the effective shear modulus of the
homogenized composite;

Gmand Grare the shear moduli of the matrix
and reinforcement;

E+s the effective Young’s modulus of the
homogenized composite;

v*is the effective Poisson’s ratio;
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p-is the effective density;

Vu and Vg are the volume fractions of the
matrix and reinforcement, respectively.

2.2. Free vibration formulation of the homogenized
simply supported slab

The homogenized effective properties obtained

from the Hashin—Shtrikman model are introdLJJced
A

Z z
f

into the free vibration analysis of a simply
supported rectangular eco-concrete slab reinforced
with bio-sourced nano-CaCO; particles. The slab
has length a width b and thickness h. The effective
Young’s modulus E* shear modulus G+ Poisson’s
ratio v:and density p*are used in the structural
formulation.

Y

RONeN
" OOOOOOO

0o\
U0 §Op°

Ordinary Concrete
"/ y

x'/grtlanarwuntrﬂe +10%nano-inclusions

%tanaw Concrete +20% nano-inclusions

Figure 1. Geometry and simply supported boundary conditions of the rectangular eco-concrete slab
reinforced with bio-sourced nano-CaCOj; particles.

The displacement field is defined according to
the refined shear deformation plate theory. The
displacement components in the x, y and z
directions are expressed as:

Awy, Ow,

u(@,y,2,t) = u(@,u,t) - 252 + £(2) 5
(11)

dwy, ow,

L[:I., yez:t’) 1’”(‘31 . t‘) - ZE + f(z} (-,)y
(12)

w(z,y,z,t) = wylz, y,t) + ws(z,y, t)
(13)

where up and voare the in-plane displacements of
the mid-plane in the x and vy directions,
respectively. The functions wyand wsdenote the
bending and shear components of the transverse
displacement, respectively. The function f(z)
represents the through-thickness shape function
adopted in the refined shear deformation theory.

For the first-order shear deformation theory,
FSDT, a shear correction factor ks is required to
correct the non-uniform distribution of transverse
shear stresses through the slab thickness. In the
present study, ks=5/6 is adopted for the FSDT
formulation. However, this factor is not required in
the higher-order shear deformation theory, HSDT,
because the higher-order displacement field
provides a more realistic transverse shear strain
distribution. Therefore, ksis used only in the FSDT

formulation and must be removed from the HSDT
formulation.

For the homogenized isotropic eco-concrete
slab, the constitutive stress—strain relationship is
written as:

{0} = [Q){e} as)

where [Q] is the elastic stiffness matrix of the

homogenized isotropic material. The reduced

stiffness coefficients are given by:
E*
Qi = Q2 T
T

(16)
Qus= Qs = Qg = G

J1a = Q55 = Qs (17)

where E* G* and v* are the effective Young's
modulus, shear modulus, and Poisson’s ratio of the
homogenized eco-concrete, respectively.

The strain components are obtained from the
displacement field as follows:

o du o dv

T 9] ¥ dy’
_ du v

oy dy Or

(18)
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du N dw dv  dw

[ p— [ 2" —_ . —
9z da’ E 92 dy (19
For free vibration analysis, no external

mechanical load and no thermal load are applied.
Therefore, the virtual external work is equal to zero:

SV =0 (20)

The governing equations are derived using the
principle of virtual work, or equivalently Hamilton’s
principle, as:

ta
(éU —8T)dt =0
o (21)

where oU is the virtual strain energy and oT is the virtual kinetic energy. The virtual strain energy of the

slab is expressed as:

ol = f (ocles + Oydey + ToydVay + Te207Vez + Ty ) AV
v

The kinetic energy is written as:

(23)

where p* is the effective density of the
homogenized eco-concrete, and the dot denotes

(22)

differentiation with respect to time.

The variation of the kinetic energy is therefore
given by:

0T — f p" (it + 0d0 + wow) dV
v
(23a)

By integrating Eq. (23a) by parts with respect to time, and assuming that the virtual displacements

vanish at the time boundaries t1 and t2, one obtains:

ty
t

Thus, the dynamic effect appears explicitly
through the inertia terms:

# o - £ o

pou, pv, pw (230)

These terms represent the resistance of the

slab to acceleration and lead directly to the

formation of the mass matrix in the final free

vibration problem.

By substituting the displacement field given in
Egs. (11)-(13) into the kinetic energy expression,
the velocity components are obtained as:

. iy, o,
=ty —2—— — f(z)=

dx dax (23d)
. . d U:‘h UT—'?
U=1dg— 25— — flz)-

Ay Ay (23¢)
w = Wy + Wy (230

Therefore, the kinetic energy includes the
inertia effects associated with the in-plane
displacements, the bending transverse
displacement, the shear transverse displacement,

(5]
0T dt = — f f p* (o + v + wow) dV dt
t1 V

(23b)

and the coupling terms between these variables.
Consequently, the mass matrix depends on the
effective density p#, the slab thickness h, and the
adopted through-thickness shear function f(z).

The stress resultants and moment resultants
are defined as:

h/2
Nt’j = / EJ'!'J; dz

—h/2

(24a)
h/2
J'Lfg —f zojjdz
—h/2 (24b)
h/2
Ilfﬂ;,-— ) (2)oij dz
—h/2 (24c)

h/2
Qij — f g(z)7ijdz

h/2 (24d)

Where | ,j=x,y. Here, N; denotes the membrane
force resultants, Mj, and Mjs are the bending and
shear-related moment resultants, and Qjdenotes
the transverse shear force resultants.The function
g(2) is associated with the transverse shear strain
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distribution and is generally related to 7-f(z).

The inertia coefficients may also be introduced
by integrating the density terms through the
thickness as follows:

h/2
Iy = / p-dz
J_h/2

= (24e)
hi2
I, = / pzdz
o —h/2
' (249)
hj2
I, = / *2%dz
2 Pe Gz
o —h/2 (249)
h/2
J1 _/ pf(z)dz
—h/2 (24h)
h/2
Jo = f przf(z)dz
—h/2 (24i)

h/2 (24]')

These inertia coefficients contribute to the
construction of the mass matrix [M]. For a
homogeneous effective density p*, they depend
only on the slab thickness and the selected
thickness function f(z2).

By substituting the displacement field, strain
components, constitutive relations, and stress
resultants into Hamilton’s principle, and by
performing integration by parts while collecting the
coefficients of the virtual displacement variations
Ouo, dvo, OW, and Ows, the governing equations of
free vibration are obtained in terms of the
generalized displacement variables. Since the
present study is limited to free vibration, no
mechanical bending loads or thermal loads are
included in these governing equations.

For a simply supported rectangular slab, the
boundary conditions are defined as follows:

At x=0 and x=a:

vy — 0, wy, = 0, w, — 0,
ln"fr.r: = ﬂ, fbfl’ = l}., M ; =0
' (25a)
At y=0 and y=b:

uy = 0, wy = 0, w, = 0,

_ b s _
N, =0, M, =0, M, =0

(25b)

The Navier solution is then adopted because it
satisfies the simply supported boundary conditions.
The admissible displacement functions are
expressed as:

oc O
ug(x,y,t) = E Z Usnn cos(cur) sin( Sy}e“'

m—=1n=1
(26)
o0 0
volz, y,t Z Z Vinn sin(ax) LOb(p’y}t“f
m—1n-=1
(27)
oo o0
wy(z,y,t) = Z Z Womn sin (o) bln(dy)t“’t
m=1 n=1
(28)

wy(x,y,t) = Z Z Wemn sin(az) 5111(.51,-']&:"“'

m=1n=1

(29)
where Umn, Vin, Womn, and Wsmaare the
unknown displacement amplitudes. The wave
numbers a and B are defined as:
I LT
a=—, g=—

where m and n are the half-wave numbers in the x
and y directions, respectively.

After substituting Navier's admissible
displacement functions into the governing
equations, the spatial derivatives are transformed
into algebraic terms involving a and (3. Moreover,

for harmonic motion, the second-order time
derivative gives:

. o

A= —w'A (308)

Consequently, the free vibration problem is
written in matrix form as:

(K] - w*(M]) {A} =0 o

where [K] is the stiffness matrix, [M] is the
mass matrix, and {A} is the vector of unknown
displacement amplitudes:

1'3 = U-ﬂm: T’:r.lm: ]'-’Vﬂrlrt--['1';wrwa .
{A}={ bmns Wemn } (32)
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For non-trivial solutions, the determinant of the

dynamic stiffness matrix must vanish:
-1 _ W2 =

det ([K] — w’[M]) =0 (33)

Equation (33) represents the eigenvalue

problem of the free vibration analysis. Solving this

equation gives the natural circular frequencies w of
the simply supported eco-concrete slab.

To avoid confusion in notation, the following
convention is adopted throughout the manuscript:
w denotes the transverse displacement, w denotes
the natural circular frequency, and Q denotes the
dimensionless natural frequency parameter.
Therefore, the symbol N is not used to denote the
frequency parameter, because N;j is already used
for the membrane force resultants.

The dimensionless natural frequency
parameter is defined as:
0= why/ &
! (34)
Alternatively, for comparison with some

reference solutions, the following normalized
frequency parameter may be used:

12 (35)

Only one definition of Q must be retained
consistently throughout the manuscript, depending
on the normalization adopted in the validation
study.

The functions used for the First-Order Shear
Deformation Theory (FSDT):
0f(z) _3

AT k.
dz ' ’ 6

f(z) =2 g(z) =

(36)
The functions used for the Higher-Order Shear
Deformation Theory (HSDT).

_ 422 _9f(2)
1(z) z(l_:ah?)‘ 9(2) = =5,

4. RESULTS AND DISCUSSION

The present section discusses the effective
mechanical properties and the free vibration
response of simply supported eco-concrete slabs
reinforced with bio-sourced nano-CaCO; patrticles.
The results are presented in three main parts. First,
the mechanical properties of the constituent
materials are reported. Second, the effective
properties obtained from different homogenization
models are compared. Finally, the free vibration

k=1
(37)

response of ordinary concrete slabs and nano-
CaCO;-reinforced concrete slabs is analyzed.

The notation used in this section is unified as
follows: w denotes the transverse displacement, w
denotes the natural circular frequency, and Q
denotes the dimensionless natural frequency
parameter. Therefore, all vibration results are
discussed in terms of the dimensionless natural
frequency Q.

Table 1 summarizes the mechanical properties
of the constituent materials used in this study.
Ordinary concrete is considered as the matrix
phase, while bio-sourced nano-CaCO; particles are
considered as the reinforcing phase. The material
properties are adopted from the literature.

Table 1. Mechanical properties of the constituent
materials used before homogenization.

Nano-CaCO
Symbo | Concret | Symbo ; 3
Property | e matrix | relnfortcemen
Young’s EM ER
modulus | (GPa) | 2° | (GPa) 68.7
Poisson’
s ratio vM 0.3 VR 0.329
Shear GM GR
modulus | (GPa) .79 (GPa) 25.82
Bulk KM KR
modulus | (GPa) 16.67 (GPa) 67.08
. pM pR
Density (kg/m?) 2500 (kg/m?) 2620
The first theoretical approaches for the

homogenization of composite materials were
introduced by Voigt, who assumed uniform strain in
all phases of the material. Reuss later proposed a
model based on uniform stress, which generally
provides a lower estimate of the effective
properties. Eshelby developed a fundamental
solution for an ellipsoidal inclusion embedded in an
infinite matrix, which became the basis for several
micromechanical models. Hashin and Shtrikman
established rigorous upper and lower bounds for
the effective properties of isotropic multiphase
composites. Mori and Tanaka later proposed a

homogenization model based on Eshelby’s
inclusion theory for composites containing
dispersed inclusions.

In this study, the effective properties of
concrete reinforced with 10% and 20% nano-
CaCO4 are estimated using different

homogenization approaches. The comparison is
given in Table 2.
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Table 2. Comparison of effective mechanical properties predicted by different homogenization models.

E* * G* K* E* v G* K*
Model v
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
Ve 10% 20%
Voigt 24.87 0.300 9.57 20.73 29.74 0.300 11.44 24.78
Reuss 22.25 0.300 8.54 18.52 | 24.32 | 0.300 | 9.62 | 20.83
Eshelby 22.20 0.302 8.53 18.58 24.40 0.304 9.65 20.98
Mori-Tanaka 22.34 0.303 8.60 18.72 | 2497 | 0306 | 9.86 | 21.52
HS- 22.33 0.303 8.60 18.72 | 24.95 | 0.306 | 9.86 | 21.52
HS+ 23.28 0.301 8.96 19.52 26.81 0.303 10.53 23.10
HSM 22.81 0.302 8.78 19.12 25.88 0.305 10.20 22.31
Table 2 shows that the Hashin—Shtrikman Eshelby and Mori-Tanaka approaches, which
mean values are located between the lower and confirms that the Hashin—Shtrikman model

upper bounds, as expected. For a 10% nano-
CaCO; volume fraction, the effective Young's
modulus obtained using the Hashin—Shtrikman
mean value is 22.81 GPa. For a 20% nano-CaCO;
volume fraction, it increases to 25.88 GPa. These
values are consistent with the predictions of the

provides a suitable estimation of the effective
macroscopic properties of the reinforced concrete.

The effective properties retained for the
vibration analysis are summarized in Table 3.
Ordinary concrete is also included for comparison.

Table 3. Effective mechanical properties of ordinary concrete and nano-CaCO;-reinforced concrete.

Properties Elastic modulus Poisson's ratio Shear modulus Bulk modulus | Density
. E* v G* K" o'
Symbols and Units (GPa) (GPa) (GPa) (Kg/m?)
Vw(0%) 20 0.3 7.69 16.67 2500
Vw(10%) 22.81 0.302 8.78 19.12 2506
Vw(20%) 25.88 0.305 10.20 22.31 2512
The results in Table 3 show that the to 19.12 GPa and 22.31 GPa. The density
incorporation of nano-CaCO; improves the increases only slightly because the density of
effective mechanical properties of concrete. Nnano-CaCO; is close to that of ordinary concrete.

Compared with ordinary concrete, the Young’s
modulus increases from 20.00 GPa to 22.81 GPa
for 10% reinforcement, corresponding to an
improvement of approximately 14.05%. For 20%
reinforcement, the Young’s modulus reaches 25.88
GPa, corresponding to an improvement of
approximately 29.40%. The shear modulus
increases from 7.69 GPa to 8.78 GPa and 10.20
GPa for 10% and 20% nano-CaCOs;, respectively.
The bulk modulus also increases from 16.67 GPa

These results confirm that nano-CaCOs;
reinforcement mainly improves the stiffness of the
homogenized concrete composite.

Before performing the parametric vibration
analysis, the present formulation is validated by
comparison with reference results reported by
Ghugal and Sayyad [49]. The comparison is carried
out for square and rectangular simply supported
isotropic plates with a/h=10. The results are
presented in Table 4.

Table 4. Validation of the present FSDT and HSDT results against the reference solution of Ghugal and
Sayyad [49] for simply supported isotropic plates with a/h=10.

frequencies Q

Shape of plate Square Rectangular
Ghugal and Sayyad Ghugal and Present Present
Modes/Methods [49] Present (FSDT)| Present (HSDT) Sayyad [49] (FSDT) (HSDT)
(1,1) 0.0933 0.0944 0.0921 0.0705 0.0702 0.0690
(1,2) 0.2231 0.2361 0.2222 0.1393 0.1405 0.1356
(1,3) 0.4148 0.4721 0.4201 0.2438 0.2576 0.2416
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The comparison in Table 4 shows that the
present results are in good agreement with the
reference solution. The HSDT results are generally
closer to the reference values than the FSDT
results. For example, for the square plate in mode
(1,2), the reference value is 0.2231, while the
present HSDT result is 0.2222. For the rectangular
plate in mode (1,3), the reference value is 0.2438,
while the present HSDT result is 0.2416. These
comparisons confirm the accuracy of the present
formulation. Therefore, HSDT is adopted in the

following parametric analysis because it provides
better agreement with the reference results and
does not require a shear correction factor.

Table 5 presents the effect of nano-CaCO;
reinforcement on the dimensionless natural
frequencies of square and rectangular simply
supported slabs. The comparison is carried out for
ordinary concrete and concrete reinforced with
10% and 20% nano-CaCOs.

Table 5.Dimensionless natural frequencies Q of ordinary and nano-CaCOj;-reinforced simply supported

concrete slabs.

frequencies Q
Shape of plate Square Rectangular
Modes/Vf 0% 10% 20% 0% 10% 20%
1,1 0.0921 0.1277 0.1287 0.0690 0.0956 0.0965
1,2) 0.2222 0.3078 0.3104 0.1356 0.1879 0.1895
(1,3) 0.4206 0.5821 0.5868 0.2416 0.3347 0.3375

The results in Table 5 show that the addition of
nano-CaCO; significantly increases the
dimensionless natural frequencies of the concrete
slabs. For the square plate in the fundamental
mode (1,1), the frequency increases from 0.0921
for ordinary concrete to 0.1277 for 10% nano-
CaCO; and 0.1287 for 20% nano-CaCO;. These
values correspond to increases of approximately
38.65% and 39.74%, respectively. For the
rectangular plate in the fundamental mode, the
frequency increases from 0.0690 to 0.0956 and
0.0965, corresponding to increases of
approximately 38.55% and 39.86%, respectively.

Although the 20% reinforcement case gives the
highest frequency values, the improvement
between 10% and 20% nano-CaCO; is very
limited. For the square plate in mode (1,1), the
increase from 10% to 20% is only about 0.78%. For
the rectangular plate in the same mode, the
increase is about 0.94%. This indicates that 10%
nano-CaCO; provides most of the vibration
improvement, while increasing the reinforcement
content to 20% gives only a marginal additional
benefit. Therefore, 10% nano-CaCO; may be
considered an efficient reinforcement content from
both mechanical and economic viewpoints.

The increase in natural frequency is mainly
attributed to the increase in the effective stiffness of
the homogenized concrete composite. Since the
density increases only slightly with the addition of
nano-CaCOs, the stiffness improvement dominates
the dynamic response. Consequently, the
reinforced slabs exhibit higher natural frequencies
than ordinary concrete slabs.The figure captions
are revised as follows to improve clarity and
consistency.

Figures 2 and 3 show the influence of the
length-to-thickness ratio a/h on the dimensionless
natural frequency Q of square simply supported
slabs. As a/h increases, the dimensionless natural
frequency decreases. This trend is physically
expected because increasing a/h corresponds to a
relatively thinner slab, which reduces the bending
stiffness and consequently decreases the vibration
frequency. For both vibration modes, the reinforced
slabs show higher frequencies than ordinary
concrete slabs. The mode (m=n=2) gives higher
frequency values than the fundamental mode
(m=n=1), which is consistent with classical plate
vibration behavior.

5.0 75 10.0 125 15.0 17.5 20.0
0.5 T T T T T 0.5

0.4 4 0.4

0.3 r 0.3

0.2+

0.2

0.1 0.1

0.0 T T T T T 0.0
5.0 75 10.0 125 15.0 17.5 20.0

alh

Figure 2. Variation of the dimensionless natural
frequency Q with the length-to-thickness ratio a/h
for a square simply supported slab, considering the
fundamental mode (m=n=1) and different nano-
CaCO; volume fractions
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5.0 75 10.0 125 15.0 17.5 20.0
2.

—=— 0%R
—e— 10% R

Figure 3. Variation of the dimensionless natural
frequency Q with the length-to-thickness ratio a/h
for a square simply supported slab, considering the
vibration mode (m=n=2) and different nano-CaCO;
volume fractions

Figures 4 and 5 show the influence of the
aspect ratio b/a on the dimensionless natural
frequency Q of rectangular simply supported slabs.
The results indicate that the frequency decreases
as b/a increases. This behavior is related to the
increase in the effective plate dimension, which
reduces the relative structural stiffness. As
observed in Figures 2 and 3, the addition of nano-
CaCO; increases the natural frequency for all
considered geometrical configurations. However,
the difference between 10% and 20%
reinforcement remains small, confirming that 10%
nano-CaCQOs; is an efficient reinforcement fraction
for improving the vibration performance of eco-
concrete slabs.

1 2 3 4 5
0.7¢ - T - 0.75

0.70 —#—0%R 0.70
—o—10% R
—4—20% R

0.65 4 0.65

0.60 4

0.55 4

Q 050 g
0.45
0.40
0.35
0.30 4 0.30
0.25 . r . T T . 0.25

Figure 4. Variation of the dimensionless natural
frequency Q with the aspect ratio b/a for a simply
supported rectangular slab with a/h=4, considering
the mode (m=n=1) and different nano-CaCO;
volume fractions

1 2 3 4 5
2100 4 0% R 2.100
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1925 | e A0NR [ rage
—A— 20%R
1.750 - 1.750
: 1575 4 s 1.575
( \
1.400 - \\, 1.400
\,:%A
T o S ERmmy |
1.225 A o 1.225
1.050 - '\ 1.050
— .
S BT ——
0.875 ; r . 0.875
1 2 3 4 5

Figure 5. Variation of the dimensionless natural
frequency Q with the aspect ratio b/a for a simply
supported rectangular slab with a/h=4, considering
the mode (m=n=2) and different nano-CaCO;
volume fractions

Overall, the results demonstrate that bio-
sourced nano-CaCOj; reinforcement improves the
effective stiffness and dynamic performance of
concrete slabs. The Hashin—Shtrikman
homogenization model provides effective
properties that can be successfully introduced into
the HSDT-based free vibration formulation. The
results also show that the improvement becomes
marginal beyond 10% nano-CaCO;, suggesting
that this content represents a suitable compromise
between mechanical performance and material
economy.

5. CONCLUSION

In this study, the effective mechanical
properties and free vibration response of simply
supported eco-concrete slabs reinforced with bio-
sourced nano-CaCO; particles were investigated.
The effective properties of the reinforced concrete
were estimated using the Hashin—Shtrikman
homogenization model, while the free vibration
behavior of the slabs was analyzed using FSDT
and HSDT formulations. Based on the obtained
results, the following conclusions can be drawn:

e The Hashin—Shtrikman model provides a
suitable analytical framework for estimating the
effective macroscopic mechanical properties of
concrete reinforced with nano-CaCO; particles,
under the assumptions of perfect bonding,
homogeneous dispersion, isotropic behavior,
and linear elasticity.

e The incorporation of nano-CaCO; particles
improves the effective stiffness of concrete.
The Young’s modulus increases from 20.00
GPa for ordinary concrete to 22.81 GPa and
25.88 GPa for 10% and 20% nano-CaCOs;
reinforcement, respectively. These values
correspond to increases of approximately
14.05% and 29.40%.
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The shear modulus and bulk modulus also
increase with nano-CaCOj; content. The shear
modulus increases from 7.69 GPa to 8.78 GPa
and 10.20 GPa, while the bulk modulus
increases from 16.67 GPa to 19.12 GPa and
22.31 GPa for 10% and 20% reinforcement,
respectively.

The free vibration results show that nano-
CaCOs reinforcement increases the
dimensionless natural frequencies of simply
supported concrete slabs. For the square slab
in the fundamental mode (m=n=1), the
frequency increases from 0.0921 for ordinary
concrete to 0.1277 for 10% nano-CaCO; and
0.1287 for 20% nano-CaCOs.

Although the 20% reinforcement case gives the
highest stiffness and frequency values, the
additional improvement compared with the
10% case is limited. For example, in the square
slab fundamental mode, the frequency
increases by only about 0.78% when the nano-
CaCO; content increases from 10% to 20%.
Therefore, 10% nano-CaCO; can be
considered an efficient reinforcement content
from both mechanical and economic
viewpoints.

The comparison with reference results confirms
that HSDT gives more accurate frequency
predictions than FSDT. In addition, HSDT does
not require a shear correction factor, which
makes it more suitable for the free vibration
analysis of moderately thick eco-concrete
slabs.

The proposed analytical approach provides a
useful framework for linking bio-sourced nano-
CaCO; reinforcement, effective stiffness
improvement, and free vibration performance
of simply supported eco-concrete slabs.

Future research should focus on the following

directions:

14

Experimental validation of the effective
mechanical properties predicted by the
Hashin—Shtrikman model using concrete
specimens reinforced with bio-sourced nano-
CaCO; particles.

Investigation of the influence of nanoparticle
dispersion, agglomeration, and interfacial
bonding on the mechanical and dynamic
behavior of nano-CaCOs;-reinforced eco-
concrete.

Extension of the present analytical model to
include porosity, cracking, damage evolution,
and imperfect interfaces between the cement
matrix and the nano-CaCOj3; particles.

Analysis of forced vibration, seismic response,
and dynamic stability of eco-concrete slabs
reinforced with bio-sourced nano-CaCOs;
particles.

e Comparison between different bio-sourced
calcium carbonate wastes, such as eggshells,
fish bones, animal bones, and shells, in terms
of mechanical performance, processing
requirements, environmental impact, and
economic feasibility.

e Development of numerical finite element
models and experimental modal tests to
validate and extend the present analytical
predictions.
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IZvVOD

EFIKASNA MEHANICKA SVOJSTVA EKO-BETONA ARMIRANIH
NANOCESTICAMA KALCIJUM KARBONATA BIO-IZVORA: ANALIZA
SLOBODNIH VIBRACIJA JEDNOSTAVNO OSLONJENIH PLOCA

Otpad bogat kalcijum karbonatom bio-izvora, kao sto su ljuske jaja, riblje kosti, Zivotinjske kosti i
ljuSture puzeva, predstavija obecavajuce sirovine za proizvodnju nanocestica kalcijum karbonata
nakon odgovarajuce obrade, kao Sto su mlevenje, kalcinacija ili hemijsko taloZenje. U ovoj studiji,
ispitivana su efektivnha mehanicka svojstva i odziv slobodnih vibracija jednostavno oslonjenih eko-
betonskih plo¢a armiranih nanocesticama kalcijum karbonata bio-izvora.

Efektivna elasticna svojstva betonskog kompozita procenjena su kori$éenjem Hasin-Strikmanovog
modela homogenizacije za dvofazni izotropni sistem sastavljen od betona kao matrice i nano-
CaCO; cestica kao armature. Razmatrani su zapreminski udeo armature od 10% i 20%.
PonaSanje armiranih ploca pri slobodnim vibracijama je zatim analizirano kori§¢enjem Teorije
deformacije smicanja prvog reda (FSDT) i Teorije deformacije smicanja viseg reda (HSDT).
Upravne jednacine su izvedene koriscenjem principa virtuelnog rada, a Navijeovo analiticko
reSenje je usvojeno da bi se zadovoljili jednostavno oslonjeni grani¢ni uslovi.

Dobijeni rezultati pokazuju da dodavanje nano-CaCOj; poboljSava efektivhu krutost betona.
Jangov modul se povecava sa 20 GPa za obi¢an beton na 22,81 GPa i 25,88 GPa za armaturu sa
10% i 20% nano-CaCOQOg;, respektivno. Osnovna bezdimenzionalna frekvencija kvadratne ploce
povecava se sa 0,0921 za obic¢an beton na 0,1277 i 0,1287 za 10% i 20% nano-CaCOQOj3,
respektivno. Ovi rezultati ukazuju da 10% nano-CaCOj; pruZa znacajno poboljSanje krutosti i
vibracionih performansi, dok dodatni dobitak izvan ovog udela ostaje ograni¢en. Formulacija
HSDT pokazuje bolje slaganje sa referentnim rezultatima nego FSDT i stoga je usvojena za
parametarsku analizu.

Kljuéne reéi: Eko-beton, kalcijum karbonat bio-izvora, nano-CaCO;, Hasin-Strikmanov model,
Jednostavno oslonjena ploca, slobodne vibracije, HSDT.

Nauéni rad
Rad primljen: 22.04.2026.
Rad prihvacen: 04.05.2026.

MOHAMMEDI Mohammed Nourelislam : https://orcid.org/0009-0009-1324-4366
BENFRID Abdelmoutalib  https://orcid.org/0009-0007-8171-1654

BENATTA Mohamed Atef  https://orcid.org/ 0009-0007-5854-9054

BACHIR BOUIADJRA Mohammed https://orcid.org/0009-0008-4814-6187

KROUR Baghdad https://orcid.org/ 0000-0002-8265-9807

© 2026 Authors. Published by Engineering Society for Corrosion. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution 4.0 International license
(https://creativecommons.org/licenses/by/4.0/

ZASTITA MATERIJALA 67 (2026) broj 19


https://creativecommons.org/licenses/by/4.0/

